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1 Intro
Thm: (C, 4, ) is a field.

Lemma: (Binomial formula) If z;, zo € C,n € N, then

n n )
(z1+22)" = Z (k)z’fzg K,

k=0

Def: Distance between z; and z,.

|z1 — 2] = \/(Xl —x2)% + (Y1 — 12)?

Lemma: Triangle Inequality

[lz1] = |z2]] < |z1 + 22| < |z1] + |2z2]

Def. Complex Conjugate of z = x + iy isz = x — iy

Properties:
LzZ=1z
2. |z] = ||
3.2=z < z€R
4t =0+, 0 -22=21-22
5. 212 = 2125, 2 =2
6. Re{z} = %(z+§), Im{z} = %(z -2)
7. |2|* =2z =22
8. |2122] = |zullzal, |2] = [

Def. arg z is the set of all arguments. Arg z is the principal argument i.e. Argz € (-, 7]. argz =
{Argz + 2krx|k € Z}
Properties:
1. arg(z1zz) = arg(z;) + arg(zy)
2. arg(2) = arg(z1) — arg(z2)
2 Complex Roots

Op+2km

Solutions of z" = z = roe'? are wy = <frge' »  fork=0,1,---,n— 1. Principal root is wy.
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3 Topology
Def. Bc(z9) ={z € C | |z — z¢| < €}
Bl (z0) ={z€C|0<|z—2z)| <€}

Def. z is an interior point of a set S, if e : Bc(z) C S
Def. z is an exterior point of a set S, if de : SN B.(z) = @
Def. z is a boundary point of a set S, if Ve : SN Be(z) # @ AS° N B(z) # @

Def. S is open if it contains no boundary points.

Def. S is closed if it contains all boundary points.

Def. An open set S C Cis called connected iff each pair of points in S can be joined by a
polygonal line.

Def. S is a domain if S is open and connected.

Def. S is a region if S is a domain but with some boundary points.

Def. S is bounded if 3R > 0 : S C Br(0).

Def. accumpulation points / limit points, z, is called an accumulation point of aset S € C if
Ve : B.(z9) NS # @ (i.e. there is a convergent sequence to zy whose entries are in S)

4 Limits

Def. lim,_,,, f(z) = wpif Ve > 0,36 > 0:0 < [z—2¢] <5 = |f(2) — wo| < €. Alternatively,
lim,,,, f(2) = wo if Ve > 0,36 > 0 : f(B}(20)) C Be(wo).

Thm. If lim,_,,, f(z) exists then it is unique.

Properties of Limit
1. lim,,,, f(z) =wy & lim,,, Re f(2) = Rewy Alim,_,,, Im f(z) = Imw,
2. Iflim,,,, f(z) = wy and lim,_,,, g(z) = w;
a) lim,_,, af(z) + bg(z) = aw; + bw;
b) 1imz—>zo f(Z)g(Z) = wWiwz
c) If wy #0,1lim,,,, f(2)/g9(z) = wi/w;
3. For a polynomial P(-), lim,_,,, P(z) = P(z).

Def. Neighborhood of oo, Bg(0) = {z € C||z| > R}
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Def. lim,—,,, f(2) = 00 if VR > 0,35 > 0: z € Bi(z0) = f(2) € Br()
ie.VR>0,36>0:0<|z—2)| <5 = |f(2)| >R

Def. lim,_,0 f(2) = wp if Ve > 0,3R > 0 : z € Br(c0) = f(z) € Bc(wy)
ie.Ve>0,3JR>0:|z| >R = |[f(2) —wy| <€

Def. lim, e f(z) = 0 if VR > 0,3r > 0:z € B,(c0) = f(z) € Bg(o0)
ie.VR>0,3r>0:|z| >r = |f(z) —wo| >R

Thm
1 lim,,,, f(2) = 0 if lim,_,, ]% =0
2. lim,—,e0 f(2) = wp if lim,— f(z7) = wp
3. lim, o f(2) = 00 if lim,_, ﬁ =0
5 Continuity
Def. f is continuous (CTS) at zy if (1) f(zo) is defined, (2) lim,_,,, f(z) exists, (3) lim,—,,, f(z) =
f(zp).1e.Ve > 0,30 > 0: |z—2¢] <6 = |f(z) — f(z0)| <e.

Thmi f : A - B,g: B - C ABC c C.If fis CTS at z5 and g is CTS at f(zp), then
gof:A— CisCIS at z,.

Thmo. If f is CTS at zy, f(z) # 0, then f # 0 in a whole neighborhood of z.

Thms. f(z) = u(x,y) +iv(x,y), f is CTS at zy = x¢ + iy if and only if u, v are CTS at (xo, yo)-

Thmg. If f : R —» Cis CTS in a closed bounded region R, there exists a real number M > 0 such
that

VzeR:|f(z)| <M

but with equality for at least one zy € R
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6 Derivatives
Def. The derivative of f at z; is the limit
- Az) —
o) = tim LE LG fGo+82) ~ [ 0)

z>z0 Z— 2 Az—0 Az

Rmk: z, Re z, Im z are not differentiable anywhere.

ju—
I

o
Il

L(cf(2) =cif(2)
L2 = pgn!
(f+9)' =f"+¢
(f9)'=19+f9
(fog)=(fo99

When g(z) # 0, (g) = gf’g_zfg/

PR N A »N

Cauchy-Riemann Equations (Necessary Condition)
Thm. If f(z) = u(x,y) + iv(x,y) for z = x + iy is differentiable at z,, then the partial derivatives
of u and v exist and satisfy certain equations:

Uy = 0y Uy = —0y

Further, f"(zo) = uy + ivy.

Thm. Let f(z) = u(x,y) + iv(x, y) be defined throughout some e-neighborhood of zy = x¢ + iy
and suppose that

(a) uy, Uy, vy, vy exist everywhere in the neighborhood.

(a) these partials are CTS at (xo, yo) and satisfy C-R.

Then f’(z¢) exists and its value is f"(zo) = (ux + ivy) (%0, Yo)-

C-R Polar form.
Let f(re'®) = u(r,0) + iv(r, 0) then if f is differentiable at zy then

ru, =09 Ug = —T0,.

Thm. C-R Sufficient (Polar form).

Let f(z) = u(r,0) + iv(r, 0) be defined in some e-neighborhood of a nonzero point z, = ro, e
and suppose that

(a) uy, ug, vy, vg exist everywhere in the neighborhood

(b) and CTS at (ro, 6p) and satisfy polar C-R (i.e. ru, = vg, ug = —ro,) at (ro, ).

Then f’(z) exists and f'(zo) = e (u, + iv,)

i
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7 Special Types of Functions

7.1 Analytic Functions

Def. Analytic functions a.k.a. Holomorphic functions.

1. f is analytic at a point z if it is analytic in some neighborhood of z;.

2. Consider S an open set, f : S — Cis analyticin S, if Vz € S : f'(z) exists.
3. f is entire if f : C — C is analytic in C.

Properties of analytic functions.
1. f,g analyticin S then f + g, fg, and
2. g o f chain rule holds.
3. f analytic in a domain D implies f is CTS in D and C-R Eqs are satisfied in D.
4. If f'(z) = 0everywhere in a domain D, then f(z) must be constant throughout D.
(Proved in lecture W4A)

5 if g # 0in S are analytic.

Def. zj is called a singular point if f is not analytic at zy but is analytic at some point in every
neighborhood.

7.2 Harmonic Functions

Def. For D € R? H : D — R is harmonic if (1) H has CTS partial derivatives up to 2nd order and
satisfies Laplace’s Equation,

Hyx + Hyy =0

Thm. If f(z) = u(x,y) + iv(x,y) is analytic in a domain D, then its components u and v are
harmonic.

7.3 Elementary Functions

Def. e = e*(cosy + i siny).

Properties

1. (e%)’ = €. €* is entire.
|e*| = e*. arge®* =y + 2nx forall n € Z.
e” is periodic with period 27i.
VzeC:e*#0

Z
2120 — p21+29 €1 _ 71—z
elez_el Z,eTz_el 2

0 _ 1 _ -z
e —1,e—z—e

AL ol S
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Def. For z = re'? # 0, logz=Inr+i(0+2nr)forneZ
Logz=Inr+iArgz
logz = Log z + i2nx for n € Z.

Log is not CTS on C \ {0}, accordingly Branches fix it.
Fix o € R restrict value of € argztoa < 0 < a + 2.
The define logz =Inr+ifonr > 0,a < 0 < a + 27w and we have CTS and analytic on its domain.

Def. A branch of a multi-valued function f is any single-valued function F that is analytic in
some domain D and for which F(z) has one of the values of f(z).

Def. A branch cut is a line or curve that is introduced to define a branch.

Def. Branch points are points on the branch cut that are singular points or points that are
shared by all branch cuts.

Identities of log

1. log(z1z2) =logz; +log z,
. log(z1/z;) =logz; —logz,
3. forneZ,z+#02z" = enlogz

1

. forn e Z\ {0} z!/" = en o8z

N

=~

Def. Power functions:

Fix c € C.

2¢ = e°1°8% (multi-valued)

Branch cuts are teh same as logarithm.
On a branch cut of z, d%zc =z L.

Def. ¢ = €71°8¢, specify a value of log ¢ to make the function single-valued and entire.

acz =c*logc
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8 Trigonometric Functions

Def.
iz _ e—iz eiz + e—iz
sin(z) = —— cos(z) i= ——— zeC
21 2
and
e —e’*? e“+e’?
sinh(z) == ——— cosh(z) = zeC
2 2
Properties

1. sin(z), cos(z) are entire (usual derivatives)

2. sin is odd, cos is even.

3. sin(z; + z5) = sin(z;) cos(zz) + cos(z;) sin(zz) and cos(z; +z2) = cos(z;) cos(zz) —
sin(zy) sin(z,)

4. sin?(z) + cos?(z) =1

sin z = sinx cosh y + i cos x sinh y, cos z = cos x coshy — i sinx sinh y

6. |sinz|? = sin® x + sinh® y, |cos z|* = cos® x + sinh? y

d

Def. A zero of f(z) is a zy € C such that f(z9) =0

Thm. The zeros of sin z and cos z in C are the same as sin x and cos x in R.
ie.sinz=0 & zenZandcosz=0 < z¢€ %+7IZ

Properties of Hyperbolic Functions
1. (sinhz)’ = coshz, (coshz)’ = sinhz
2. cosh?(z) = 1 + sinh?(z)
3. sinh(iz) = isinz, cosh(iz) = cosz
4. Thm:sinhz =0 < z € rmiZ,andcoshz=0 < z ¢ %i + miZ

Def. A function is conformal if it preserves angles locally.

ie.

An analytic complex-valued function is conformal at z, if whenever ry, r, are smooth curves
passing through z, at ¢t = 0 with nonzero tangents, then the curves f o ry, f o r; have non-zero
tangents at f(zo) and the angle from r{(0) to r;(0) and the angle from (f o r;)’(0) to (f o r2)’(0)
are the same.



Parth Nobel Theorem List Math 185, Page 8 of 19

A conformal mapping f : D — V (with D,V domains) is a bijective analytic function that is
conformal at each point of D.

If such an f exists we say D and V are conformally equivalent.

Alt def:

f is conformal in D if F is analytic in D and Vz € D : f’(z) # 0.

If 2y is a critical point of f(z), there is an integer m > 2 (specifically the smallest integer

™ (z) # 0) such that the angle between two smooth curves passing through z, is multiplyied
by m under f.

If f(z) is conformal at zy, it has a local inverse there. That is wy = f(z), 3! function such that
z = g(w) is defined and analytic in a neighborhood of w; denoted as N such that g(wy) = z
and f(g(w)) =w forallw € N.
Further ¢’(w) = ﬁ
9 Integrals
Def. A path w : [a,b] € R — C such that w(t) = u(t) +io(t).
Def. w'(t) = u/(t) +iv’(¢t) if v’ and v’ exist at £.
Properties:
« If f: C — C analytic, u, v differentiable at a point t € R, then %f(w(t)) = f'(w(t))w'(t)
« Mean Value Theorem Does NOT Hold

Def. Integral of w(t).

‘/abw(t)dt = /abu(t)dt+i'/abv(t)dt

. Re {fabw(t) dt} = ["Re{w(t)} d, and Im {fabw(t) dt} = [ Im{w(p)} dt
o Fund. Thm. of Calc. If W’ (t) = w(t) then fab w(t)dt = W(b) — W(a)
/abw(t) dt‘ < fab|w(t)|dt

9.1 Contours
Defs x(t),y(t) : [a,b] CR - R

C:z(t) =x(t) +iy(t) Vt € [a, b]

Cis an arc if x, y are CTS
An arc C is a simple arc (Jordan arc) if it does not cross itself.
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An arc C is a simple closed arc (Jordan curve) if it is simple except for the fact that z(b) =
z(a)

For closed curves, we call counterclock-wise positively oriented.

If x, y are differentiable on [a, b], and x’, 3y’ is CTS on [aq, b], then we call C a differentiable arc.
A smooth arc is a differentiable arc C such that Vt € (a,b) : 2’(t) # 0.

A smooth arc has unit tangent vector T = |§,Eg| and arc length L = fa blz’(t)l dt.

A Contour is a piecewise smooth arc. (consists of a finite number of smooth arcs joined end-to-
end.)

simple closed contour is a contour that is also a simple closed arc.

Rmk: Parametrizations of arcs are not unique.

Def:
Let f : C — C and C a contour parametrized by z(t) = x(¢) +iy(t) with ¢t € [a,b] with f = u+iv
P.W. CTS along C.

b
Lf(z)dz ::/a f(z(t))z'(t)dt:‘L(u+iv)(dx+idy)

Properties
« For —C with parameterization z(—t) for t € [-b, —a], then f_cf(z)dz =— fcf(z)dz.
« If C; ends at the point where C, begins C; + C; is their joining and fC1+C2 f(z) dz =
/C1 f(2) dz+/czf(z) dz

. /c f(z) dz is independent of the parameterization of C.

Thm: ML Estimate
C contour of length L, f is p.w. CTS on C.

(AM>0:VzeC:|f(z)| < M) = ‘/f(z)dz <ML
c

Rmk: The contour integral depends on teh contour (not just its end points).

Def: F on D is an anti-derivative of CTS f : D - Con D if F/ = f on D.
Properties:

« Fis analytic on D.

+ Anti-derivatives differ up to a constant on D
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Thm (Fundamental Theorem of Contour Integrals)
Suppose f is CTS in D; Then the following statements are equivalent:
1. f(z) has an anti-derivative F(s) throughout D
2. integrals of f(z) along contours lying entirely in D extending from any fixed point z; to
any fixed point z; have the same value. Then for contours C;, C, with shared endpoints
21, 22, /C1 f(z) dz = fcz f(z) dz = fzfzf(z) dz = F(z2) — F(z1)
3. ygcf(z) dz = 0 for all closed contours in C in D.

Def. A simply connected domain D is a domain such that every simple closed contour within
it encloses only points of D.
A multiply connected domain is a domain that is not simply connected domain.

Thm (Cauchy-Goursat (C-G) Theorem)

Naive:

If f is analytic at all points interior to and on a simple closed contour C and f” is CTS at all
points interior to and on C, then fc f(2) dz.

Version 1:

If f is analytic at all points interior to and on a simple closed contour C, then fc f(z) dz.
Version 2:

If D is a simply connected domain and f is analytic in D, then fc f(z) dz = 0 for every closed
contour C lying in D.

Version 3:

Suppose that (a) C is simply closed contour (pos. oriented) (b) Cy for k = 1,...,n are simple
closed contours interior to C that are disjoint and whose interiors have no commont points
(negatively oriented).

If f is analytic on all of these contours and throughout the multiply connected domain consist-
ing of points inside C and exterior to each Cy, then

/C f(z) dz+ ; Ckf(z) dz=0

Cor of C-G Version 2. f analytic throughout a simply connected domain D, then f must have
an anti-derivative on D.

Cor of C-G Version 2. Entire functions always possess anti-derivatives.

Cor of C-G Version 3 (Principle of Deformation of Path): C; and C, are positively oriented
simple closed contours, where Cj is interior to C,. Let R be the closed region consisting of these
contours and all points between them. If f is analytic on R, then

f(z)dz= | f(2) dz
ol G
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Thm (Cauchy Integral Formula)
f analytic everywhere inside and on a simple closed contour C (positively oriented). If zj is any
point interior to C, then

fla) = — [ 12

27i Jo z— 2z

dz

Rmk: f is analytic in R then values of f interior to C are completely determied by values of f
on C.

Thm (Cauchy Integral Formula Extensions)
f analytic inside and on a simple closed contour C (positively oriented). If z; is any point inte-
rior to C, then

O

271 Jo (z = zp)"+!

Them (Miracle Number 1)

If f is analytic at zy, then its derivatives of all orders are analytic at z.

Cor. f = u+ iv.If f is analytic at z; then u and v have CTS partial derivatives of all orders at
zo = (xyo) (stronger statement than the second condition of Harmonic, which we had put off
when we discussed above).

Thm (Morena’s Theorem)
Let f be CTS on a domain D. Iffcf(z) dz = 0 for any closed contour C in D then f is analytic
in D.

Thm (Cauchy Inequality/Cauchy Estimate)
Let f be analytic inside and on a positively oriented circle Cg centered at zy with radius R. If Mg
denotees the max value of [f(z)| on Cg, then

n!MR
Rn

[ (z0)| < (n>1)

Thm (Liouville’s Theorem; Miracle #2) If f is entire and bounded in C, then f(z) is constant in

C.
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Thm (Fundamental Theorem of Algebra)

Any polynomial of degree n > 1, P(z) = ¥} _, arz® with aj # 0 has at least one zero.

Cor.

Every polynomial P of degree n > 1 has precisely n roots in C. If these roots are denoted by
Wi, , Wy, then

P = an [ -
k=1

Thm (Maximum Modulus Principle)

If f is analytic and not constant in a domain D, then |f(z)| has no maximum value in D.

Cor. If f CTS in D and f is analytic and not constant in D, then |f(z)| reaches max somewhere
on the boundary oD.

10 Series and Sequences
Def {z,},”, has a limit z if

Ve >0dn,>0:Vn>ng:|z,—z| <e€

Thm

lim z, =z <

n—o00

{limn_m Rez, =Rez

lim, o Imz, =Imz

Def
Sas
n=1
we say Y2, z, converges to S if Sy = SN z, partial sums satisfy

lim SN =S

N—>ooo

- > Rez, =ReS
Zzn:S — -
Yo Imz, =ImS
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If .7, zn converges, then lim,_,. z, = 0.

Def.
A series )., a, is absolutely convergent if } .’ |a,| converges.
Property: Absolute convergence implies convergence.

Geometric Series If |r| < 1,

Uniform convergence S, (x) — S(x) uniformly if
Ve > 0,3dng > 0:Vn>ngp:Vx:|Sy(x) —S(x)| <e

If a sequence of CTS functions converges uniformly to a function, then that function is CTS>
Interchange of limits and derivatives/integrals requires uniform convergence.

Thm (Weierstrass M test)

IfVn:|a,(x)| < M, > 0and };”; M, converges then .7, a,(x) converges uniformly in x.
10.1 Taylor and Laurent Series

Thm (Taylor Theorem; Miracle #3)

If f is analytic in a disk D = {|z — z¢| < Ry}, then f(z) has a Taylor series around z,

© £(n)
VzeD:f(z):Zf ('ZO)(Z—Zo)n
n=0 ’

n

List of Maclaurin Series W11 Tuesday Lecture Notes.

Thm (Laurent Thm)
If f analytic in a annular domain D = {R; < |z —z¢| < Ry} and C: any positively oriented
simple closed contour around zj in D, then for all z € D

00 ) [+ bn
f(2) =;an(z—20) +;m

where
ap = ! &dz, b, = ! f(z) dz.

" 27i Jo (z = z)"! " 2mi Jo (2 - zo)

Rmk: Alternative phrasing,

e 1@
f@= ) elz=2)" e I P T

n=—oo

dz.
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10.2 Power Series

Thm

If 7 an(z — z9)" converges at z = z; # zo, then it is absolutely convergent at each point z in
the open disk |z — zo| < Ry = |z1 — zo].

Def: largest disk centered at z, such that the series converges is called the disk of conver-
gence i.e. the open set D = {z € C: |z — z9| < R} where R is the convergence radius.

Thm: If z; is a point inside of disk of convergence D of Y, a,(z—20)", then the series converges
uniformly in the closed disk |z — z¢| < Ry = |z1 = zo].

Further, if the limit lim,,_m‘a—"‘ exists

1
limsup R/|an| Gn+1

In general, we the radius of convergence R =

then R = lim,,_, 0|2

An+1

Thm (General Result) Consider 0 < R < oo the convergence radius of } ;7 an(z — zo)".
1. If |z — 29| < R, the series converges absolutely.
2. If |z — zg| > R, the series diverges.
3. For any fixed r < R, series converges uniformly for the closed disk {z : |z — z¢| < r}.

Rmk. Laurent Series have inner radius R_ =

1
lim sup X/|bp|

Thm.
im0 An(z — zo)" represents a CTS function S(z) at each point insider its disk of convergence
|z — zo] < R.

Thm. Integration by terms.
Let S(z) = X2 an(z — 29)" on D = Bg(z). Let C be any contour in D and g : C — C be CTS.
Then,

/ 9(2)S(z) dz
c

Cor. S(z) is analytic in D, its disk of convergence.
Cor. f : D — C analytic in D = Bg(zp) if and only if f(z) = 3,7 an(z — z9)" in D.
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Thm. (diff by terms)
If S(z) = X2 an(z — z0)" W/ conv. disk D = Bg(zp), then

(o8]

§'(2) = ) nan(z ~ )"

n=1

in convergence disk D.

10.2.1 Uniqueness of Taylor/Laurent Series

(Vz € Bg(z) : i an(z—z9)" = i bn(z — zo)") = (VYn:a,=0y,)
n=0 n=0

(0]

Vz:Ri < |z—-2z)| <R, = Z an(z —zo)" = Z bn(z—zo)n) = (Vn:a, =by)

n=—oo n=—oo

10.3 Algebra of Power Series
Consider f(z) = X2, an(z — 29)" converging on a disk D; = {|z — 29| < Ri} and g(z) =
im0 An(z — zo)" converging on a disk D, = {|z — zo| < Ry}
The following are true:
« f,g are analytic on Dy, D, respectively.
« fgisanalytic on D3 = {|z — z¢| < min{Ry, R,}}
+ fg has a Taylor Series on D3 of the form 37 c,(z — z9)" with ¢, = 3\}_ axbp—.
11 Residues and Poles

Def. A singular point z, is an Isolated Singular Point of f if there exists some deleted neigh-
borhood B.(zp) in which f is analytic.

Def. The residue of f(z) = X" an(z — 20)" + 2.0 bu(z — 2z9) ™", where this Laurent series holds
on B/ (zp), at zj is given by

Res,—,, f(z) = b;
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Thm (Residue Theorem) Let C be a simple positively-oriented closed contour. Let f be analytic
inside and on C except for a fininite number of isolated singular points z; fork = 1,---,n
inside C.

/ f(z) dz = 27i Zn: Res,—;, f(z)
¢ k=1

Def. f is analyticon R; < |z| < oo, then we call oo an isolated singular point of f. For Cy a
positively oriented curve |z| = Ry > Ry, then

Res;—w f(2) = —ﬁ/c f(z) dz = —Res,~ (2—12f (z—l))

Let f be analytic on C \ {zy,...,2,} such that {z}]_, is a finite set of isolated singular points
interior to a simple closed contour C, then

L f(z) dz = 2miRes, (;f (2—1))

Def. Types of Isolated Singular Points of a function f, such that f(z) = > a,(z — z0)" +

Z;l“;l (Z_b—;lo)n on B;Qz (Z()).

« Removable: Vn > 0: b, = 0.
. Essential: For an infinite number of n > 0, b,, # 0.
. Pole of order m: b, # 0 and Vn > m : b, = 0.

Thm. If z; is an isolated singular point of f, then the following are equivalent:
1. zg is a pole of order m > 0 of f

2. f(z) = (ﬁ(zzo))m where ¢(z) is analytic and non-zero at z.
Further,
_ ¢ (zg)
RCSZ:ZO f(Z) = W
Def. zy is a zero of order m if 0 = f(z9) = f'(z0) = -+ = f™ V(2o and ™ (z,) # 0.

Thm.
If f is analytic at z, the following are equivalent:
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1. 2o is a pole of order m > 0 of f
2. f(z) = (z — z9)™g(z) where g(z) is analytic and non-zero at z,.

Thm. Let p, g be two functions that are analytic at zo w/ p(zp) # 0, and g have a zero of order m
at zy. Then % has a pole of order m at z.

Thm. p, q analytic at zq. If p(2z9) # 0, q(2z0) = 0, ¢’'(z9) # 0, then z, is a simple pole of‘;% and

p(z) _ p(z0)
=20 q(z) ~ q'(z0)°

Res,

Thm. Let f be analytic at zy. If f(z9) = 0, then either f = 0 in some neighborhood of z, or there
exists some deleted neighborhood B (zy) such that Vz € B.(z) : f(z) # 0.

Miracle #4 (Analytic Continuation)

Thm. A function analytic in a domain D is uniquely determined over D by its values on a
(smaller) domain or along a line segment contained in D.

Alternative Phrasing: Suppose f, g analytic in D. If f = g on a smaller domain/line segment
contained in D, then f = gin D.

Lemma. Let f be analytic in a domain D. If f = 0 at each point of a domain/line segment con-
tained in D, then f = 0in D.

Thm. Reflection Principle.
f analytic in some domain D that contains a segment of x-axis and whose lower half is sym-
metric to upper half wrt the x axis. If f(x) is real for each x on this segment, then

f2) =f(2.

Thm. If zj is a removable singularity of a function f, then f is bounded and analytic in some
deleted neighborhood, B.(z).
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Thm (Riemann’s Theorem of Removable Singularities). If f is bounded and analytic in some
B/ (z) and f is not analytic at zy, then z, is a removable singularity of f.

If z is a pole of f, then lim,_,,, f(z) = co.

Thm (Casorati-Weierstrass Theorem). If z; is an essential singularity of f (an analytic function
in B:SO (20)), then

Ywy € C:Ve > 0:V0 <6 <8 :3z€Bj(z) : |f(2) —wol <€

Intuitive Statement of the Great Picard Theorem: In each neighborhood of an essential singular-
ity, the function takes values of every complex number infinitely many times, w/ one possible
exception.

12 Computing Indefinite Integrals
Def.

P.V./Oof(x) dx:Rlim /Rf(x) dx
—oo —o J_p

Rmk.
If f is CTS on (—oo, ) and odd, then the PV is 0.
If f is CTS on (—o0, ) and even, then the PV is PV /_o; f(x) dx = /_O:O f(x) dx = 2/000 f(x) dx.

Form 1: %, x € R rational functions and even. w/ p, ¢ not having common factor.
1. Find all singularities (poles) in the upper half-plane.

2. Compute the residue and apply residue theorem.

3. Use ML estimate to show integral along Cg goes to 0.

This holds for:

degQ > degP +2

Form 2: % sin(ax), g(’;)) cos(ax), for a > 0.

Trick analyze
P(Z) iaz
=——e
Q(2)

f(2)



Parth Nobel Theorem List Math 185, Page 19 of 19

Jordan Inequality.

ls ) p
VR>O:/ e Rsind gp o —
0 R

Jordan Lemma.

Let g(z) < Mg on Cg = {Re’? : 0 € [0, ]}, then

/ g(z)e' dz
Cr

MR7T
< —
a

Form 3:
/:: f(x) dx, where f has a pole in R.
Add a negatively-oriented loop that hops around the pole on R.

Form 4:
/_ :o f(x) dx, where f involves log(x), x* or another function that involves branches.

Pick a branch along the negative imaginary axis, and add a negatively-oriented loop that hops
around the pole at the origin.
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